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1. INTRODUCTION

In 1950, Lanczos [14] proposed a method for successive reduction of a given, in general
non-Hermitian, N x N matrix A4 to tridiagonal form. More precisely, the Lanczos procedure

generates a sequence H(™ n =12 . ., of tridiagonal n X n matrices which, in a certain
sense, approximate A. Furthermore, in exact arithmetic and if no breakdown occurs, the

Lanczos method terminates after at most n (< N) steps with H(") a tridiagonal matrix
which represents the restriction of 4 or AT to an A-invariant or AT-invariant subspace
of CV respectively. In particular, all eigenvalues of H(™ are also eigenvalues of 4, and,

in addition, the method also produces basis vectors for the A-invariant or AT-invariant
subspace found.

In the Lanczos process, the matrix A itself is never modified and it appears only in

the form of matrix-vector products A - v and A7 - w. Because of this feature, the method
is especially attractive for sparse matrix computations. Indeed, in practice, the Lanczos
process is mostly applied to large sparse matrices A, either for computing eigenvalues
of A or — in the form of the closely related biconjugate gradient (BCG) algorithm [15]
— for solving linear systems Ar = b. For large A, the finite termination property is of
no practical importance and the Lanczos method is used as a purely iterative procedure.

Typically, the spectrum of H(™) offers good approximations to some of the eigenvalues of
A after already relatively few iterations, i.e. for n < N. Similarly, BCG — especially if
used in conjunction with preconditioning — often converges in relatively few iterations to
the solution of Az = b.

Unfortunately, in the standard Lanczos method a breakdown — more precisely, di-
vision by 0 — may occur before an invariant subspace is found. In finite precision arith-
metic, such exact breakdowns are very unlikely; however, near-breakdowns may occur
which lead to numerical instabilities in subsequent iterations. The possibility of break-
downs has brought the nonsymmetric Lanczos process into discredit and has certainly
prevented many people from using the algorithm on non-Hermitian matrices. Note that
the symmetric Lanczos process for Hermitian matrices A4 is a special case of the general
procedure in which the occurrence of breakdowns can be excluded.

On the other hand, it is possible to modify the Lanczos process such that it skips over
those iterations in which exact breakdown would occur in the standard method. This was
already observed by Gragg [8, pp. 222-223] and, in the context of the partial realization
problem, by Kung [13, Chapter IV] and Gragg and Lindquist [9]. However, a complete
treatment of the modified Lanczos method and its intimate connection with orthogonal
polynomials and Padé approximation was presented only recently, by Gutknecht [10, 11].
Clearly, in finite-precision arithmetic, a viable modified Lanczos process also needs to skip
over near-breakdowns. Taylor {19] and Parlett, Taylor, and Liu [18], with their look-ahead
Lanczos algorithm, were the first to propose such a practical procedure. However, in [19,
18], the details of an actual implementation are worked out only for look-ahead steps of
length 2. We will use the term look-ahead Lanczos method in a broader sense to denote
extensions of the standard Lanczos process which skip over breakdowns. Finally, note that,
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in addition to [10], there are several other recent papers dealing with various aspects of
look-ahead Lanczos methods (see [1, 2, 5, 7, 12, 17)).

The main purpose of this paper is to present a robust implementation, including
FORTRAN code, of the look-ahead Lanczos method for general complex non-Hermitian
matrices. Our intention was to develop an algorithm which can be used as a black box.
In particular, the code can handle look-ahead steps of any length and is not restricted
to steps of length 2. On many modern computer architectures, the computation of inner
products of long vectors is a bottleneck. Therefore, one of our ob jectives was to minimize
the number of inner products in our implementation of the look-ahead Lanczos method.
Indeed, the proposed algorithm requires the same number of inner products as the classical
Lanczos process, as opposed to the look-ahead algorithm described in [19, 18], which always
requires additional inner products. In particular, our implementation differs from the one

in (19, 18] even for look-ahead steps of length 2.

This paper consists of Part I and Part II. The outline of the Part I is as follows. In
Section 2, we recall the standard nonsymmetric Lanczos method and its close relationship
with orthogonal polynomials. Using this connection, we then describe the basic idea of
the look-ahead versions of the Lanczos process. In Section 3, some further notation is
introduced. In Section 4, we outline the sequential look-ahead algorithm, and in Section 5,
we give details of its actual implementation. In Section 6, we sketch the block version of
the look-ahead Lanczos method. In Section 7, we make some concluding remarks.

In Part II [6] of the paper, we describe how the look-ahead Lanczos process can be
used to compute approximate solutions to Az = b, solutions which are defined by a quasi-
minimal residual (QMR) property. We also show that BCG iterates — when they exist
— can be easily obtained from quantities generated by the QMR method. Moreover in
Part II, we report numerical experiments with the sequential look-ahead Lanczos algorithm
applied to nonsymmetric eigenvalue problems and to solving nonsymmetric linear systems.
Finally, the actual codes for the sequential look-ahead algorithm and for the associated
QMR algorithm appear in the Appendix to Part II.

Throughout the paper, all vectors and matrices, unless otherwise stated, are assumed
to be complex. As usual, M7 = (m;;) and M¥ = (7;;) denote the transpose and the
conjugate transpose, respectively, of the matrix M = (mi;). The set of singular values
of M is denoted by o(M), with omax(M) and omin(M) the largest and smallest singular

value of M, respectively. The vector norm ||z]| = VzHz is always the Euclidean norm and
|M|| = omax(M) denotes the corresponding matrix norm. Moreover, the notation

K,(c,B) := span{c, Be,...,B" ¢}
is used for the nth Krylov subspace of CV generated by ¢ € CV and the N x N matrix B.
Pon:={TA) =7 +mA+ - +7A" [ 70,715 --,7n € C}

denotes the set of all complex polynomials of degree at most n. Finally, it is always
assumed that 4 is a complex, in general non-Hermitian, N x N matrix.
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2. BACKGROUND

In this section, we briefly recall the classical nonsymmetric Lanczos method [14] and its
close relationship with formally orthogonal polynomials (FOPs hereafter). Using this con-
nection, we then describe the basic idea of the look-ahead Lanczos algorithm.

Given two non-zero starting vectors v; € CV and w, € CN , the standard nonsymmet-

ric Lanczos method generates two sequences of vectors {v,,},l;=1 and {wn},l,‘=1 such that,
forn=1,...,L,

span{vy,vy,...,0n} = Kn(v1,4), 1)
span{wy,ws,...,wn} = Kn(wy, A7), |
and
w,‘TUj = d,’&,’j, with d,' # O, for all 1,] = 1, EERRL N (22)

Here 6;; denotes the Kronecker delta. The actual construction of the vectors v, and w, is
based on the three-term recurrences

Uns1 = Avp — UpVp — ann—la

(2.3)

T
Wny1 = A% wp — Qpwy, — ﬂnwn—la

where

T
wl Av, dn T
a, = “—, Bn = , dn=wnvn,
n dn—l

are chosen to enforce (2.2). Note that, for n =1, we set 8; =0 and vy = wy = 0 in (2.3).
Also, letting

VW = v ... va] and W™ =[w; w, .- w,] (2.4)

denote the matrix whose columns are the first n of the vectors vj and wj, respectively, and
letting

Fal o)) 0 -+ 07

1 a .

HM = 0 .. . .0
: .. .. - Bn
(0 - 0 1 ap,

denote the tridiagonal matrix containing the recurrence coefficients, we can rewrite (2.3)
as

AV(n) — V(ﬂ)H(") + [O cer 0 Un+1 ] ’
(2.5)

AT‘,V(‘".) —_ W(n)H(") + [0 -+ 0 Wn41 ] .
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Moreover, the biorthogonality condition (2.2) reads
(WNHTy ™ = D™ = diag(dy, ds,...,dn). (2.6)

Now, let L be the largest integer such that there exist vectors v, and wn,n = 1,..., L,
satisfying (2.1) and (2.2). Note that L < N and that, in view of (2.3), L is the smallest
integer such that

wiy1Vp4r = 0. (2.7)

Moreover, let
Lo =L, (v1,4) :=dimKn(v;,4) and L= Li(w, AT) := dim Kn(w;, AT)  (2.8)

denote the grade of v; with respect to A4 and the grade of w; with respect to AT, respectively
(cf. [20, p. 37]). There are two essentially different cases for fulfilling the termination
condition (2.7). The first case, referred to as regular termination, occurs when vy ; =0
or wy, = 0. Clearly, if vr41 =0, then L = L, and the right Lanczos vectors vy,..., v,
span the A-invariant subspace K, (v, A). Similarly, if w;; = 0, then the left Lanczos
vectors wi,...,wr, span the AT-invariant subspace K,(w;,AT). Unfortunately, it can
also happen that the termination condition (2.7) is satisfied with vy, # 0 and w;; #0.

This second case is referred to as serious breakdown [20, p. 389]. Note that, in this case,

L< L, :=min{L; L,}

and the Lanczos vectors span neither an A-invariant nor an A%-invariant subspace of C%.

It is the possibility of serious breakdowns, or, in finite precision arithmetic, of near-
breakdowns, that has brought the classical nonsymmetric Lanczos algorithm into discredit.
However, by means of a look-ahead procedure, it is possible to leap — except for the very
special case of an incurable breakdown [19] — over those iterations in which the standard
algorithm would break down. Next, using the intimate connection between the Lanczos
process and FOPs, we describe the basic idea of the look-ahead Lanczos algorithm.

First, note that
Kn(vl,A) = {\P(A)v1 | ‘I’ € pn—l}a

(2.9)
Ko(wy, AT) = {¥(AT)w; | ¥ € Pna).
In particular, in view of (2.3), forn=1,...,L,
Up = ¥n_1(A)v; and w, = ¥y (AT)w, (2.10)
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where ¥p,; € Pn—; is a uniquely defined monic polynomial. Then, introducing the inner
product

(8,9) := (B(AT)w;) " (L(A)v1) = wTS(A4)T(A)v, (2.11)

and using (2.1), (2.9), and (2.10), we can rewrite the biorthogonality condition (2.2) in
terms of polynomials:

(Upey,¥) =0 forall e Pns (2.12)
and

(@nm1, Unry) #0. (2.13)

Note that, except for the Hermitian case, i.e. A = A¥ and w; = 7;, the inner product
(2.11) is indefinite. Therefore, in the general case, there exist polynomials ¥ # 0 with
“length” (¥, ¥) = 0 or even (¥, ¥) < 0.

A polynomial ¥n_; € Pp_y, ¥,_; # 0, that fulfills (2.12) is called a FOP (with
respect to the inner product (2.11)) of degree n — 1 (see e.g. [3], [4], [10]). Note that the
condition (2.12) is empty for n = 1, and hence any ¥ = 7 # 0 is a FOP of degree 0.
From (2.12),

"I’n—l(A) =Y +mMA+- +7n_1/\n—1

is a FOP of degree n —1 if, and only if, its coefficients g, .. .,¥n—1 are a nontrivial solution
of the linear system

[ Mg m; m» Mp—2 1 . o " Moy T
n—
my . . : 71 My
— m
mo M2 | = —vna n+l || (2.14)
Mman-5
L Yn—2 LM 2p—3
LMp~2 **° *** Map.5 Mop—4J

Here ‘ '
m; = w] Alv; =(1,M), j=0,1,...,

are the moments associated with (2.11). A FOP ¥,_; is called regular if it is uniquely
determined by (2.12) up to a scalar, and it is said to be singular otherwise. Remark that
FOPs of degree 0 are always regular. By means of (2.14), one easily verifies that a regular
FOP ¥,-; has maximal degree n—1. In particular, a regular FOP is unique if it is required
to be monic. Moreover, singular FOPs occur if, and only if, the corresponding linear system
(2.14) has a singular coefficient matrix, but is consistent. If (2.14) is inconsistent, then
no FOP ¥,_, exists. This case is referred to as deficient. By relaxing (2.12) slightly, one
can define so-called deficient FOPs (see [10] for details). Simple examples (see Section 13)
show that the singular and deficient cases do indeed occur. Thus, regular FOPs ¥,,_; need
not exist for every degree n —1. We would like to stress that this phenomenon is due to the
indefiniteness of (2.11). For a positive definite inner product (-,-), unique monic formally
orthogonal polynomials always exist.

Finally, given a regular FOP ¥,_,, it is easily checked whether a regular FOP of
degree n exists. Indeed, using (2.14), one readily obtains the following
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Lemma. Let ¥,_, be a regular FOP (with respect to the inner product (2.11)) of degree
n — 1. Then, a regular FOP of degree n exists if, and only if, (2.13) is satisfied.

Let us return to the standard nonsymmetric Lanczos process (2.3). Using (2.7), (2.10),
(2.11), and the above lemma, we conclude that the termination index L is the smallest
integer L for which there exists no regular FOP of degree L. In particular, a serious
breakdown occurs if, and only if, no regular FOP exists for some L < L,.

On the other hand, there is a maximal subset
{ni,n2,...,n5} € {1,2,...,L.}, mi:=1<ny<---<ny<L, (2.135)

such that, for each j = 1,2,..., J, there exists a monic regular FOP ¥, _; € Pn;-1. Note

that n; = 1 in (2.15) since ¥o()\) = 1 is a monic regular FOP of degree 0. It is well-

known that three successive regular FOPs ¥, ,—17 ¥n; -1, and \Il,,j“_l are connected via
i-

a three-term recurrence. Consequently, setting, in analogy to (2.10),
Un; = Up;1(A)vy and wa; = Un;1(4T)ws, (2.16)

we obtain two sequences of vectors {v,,j}_.,L1 and {wy; }37:1 which can be computed by
means of three-term recurrences. These vectors will be called regular vectors, since they
correspond to regular FOPs; the starting vectors v; and w; are always regular. The look-
ahead Lanczos procedure is an extension of the classical nonsymmetric Lanczos algorithm;
in exact arithmetic, it generates the vectors vp; and we;, j = 1,...,J. If ny = L,

in (2.15), then these vectors can be complemented to a basis for an A-invariant or A7

invariant subspace of CN. An incurable breakdown occurs if, and only if, ny < L, in
(2.15). Finally, note that

wzjv = wTvn,. =0 forall ve Kn,...l(vl,A), w e Kn,._l(wl,AT),
(2.17)
j=1,...,J.

The look-ahead procedure we have sketched so far only skips over exact breakdowns. It
yields what is called the nongeneric Lanczos algorithm in [10]. Of course, in finite precision
arithmetic, the look-ahead Lanczos algorithm also needs to leap over near-breakdowns.
Roughly speaking, a robust implementation should attempt to generate only the “well-
defined” regular vectors. In practice, then, one aims at generating two sequences of vectors

{vnj,,}{;l and {wn,-‘,’}f=1 where

{njk}£(=1 c {nj}..;']=ls =1 (218)

is a suitable subset of (2.15). Note that, in (2.18), we set j; = 1, since v; and w, are always
regular. The problem of how to determine the set (2.18) of indices of the “well-defined”
regular vectors will be addressed in detail in Section 4.
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In order to obtain complete bases for the subspaces Kn(v;, 4) and Kn(wy, AT), we
need to add vectors

Un € Kn(v1,4)\ I\’n—l(vl,A) and w, € Kn(wlaAT)\I{ —l(wl»AT)v (2 9)
1
n=n;_,+1,...,n;, -1, k=23,... K,

to the two sequences {v,; }f and {wnu}ff:l, respectively. Clearly, (2.19) guarantees

that (2.1) remains valid for the look-ahead Lanczos algorithm. The vectors in (2.19) are
called inner vectors. Moreover, for each k, the vectors vn, n = NioNiu +1,000,n5,,, — 1,

and correspondingly for w,, are referred to as the kth block. The inner vectors of a block
built because of an exact breakdown correspond to singular or deficient FOPs, while the
inner vectors of a block built because of a near-breakdown correspond to polynomials which
in general are combinations of regular, singular, and deficient FOPs. We will refer to both
the regular and the inner vectors v, and w,, generated by the look-ahead variant as right
and left Lanczos vectors, in analogy to the notation of the standard nonsymmetric Lanczos
algorithm.

So far, we have not specified how to actually construct the inner vectors. The point is
that the inner vectors can be chosen such that the v,’s and w,,’s from blocks corresponding
to different indices % are still biorthogonal to each other. More precisely, with V(™) and

W) defined as in (2.4), we have, in analogy to (2.6),
(W("))TV(") =DM n= n;,—1, k=23,... K. (2.20)

Here, D™ is now a nonsingular block diagonal matrix with k¥ — 1 blocks of respective
size (nj4, — ny5) X (Rj,, —ny), I =1,...,k — 1. Similarly, (2.5) holds, for n = nj, — 1,

k=2,3,...,I, with H™ (cf. (3.5)) now a block tridiagonal matrix with diagonal blocks

of size (nj,,, — n;) x (nj,, —n;), I=1,...,k—1.

There are two fundamentally different approaches for constructing inner vectors with
the property (2.20). In both cases, we generate the inner vectors using a simple three-term
recurrence. However, in the first approach, each inner vector in a block is biorthogonalized
against the previous block as soon as it is constructed. This variant will be called the
sequential algorithm. In the second approach, the entire block is constructed before it is
biorthogonalized against the previous block and, possibly, depending on the size of the
current block, against vectors from blocks further back. This variant will be called the
block algorithm. The sequential algorithm is more suitable for a serial computer, while the
block algorithm is more suitable for a parallel computer. In this paper, we will focus on the
sequential algorithm and its implementation, and we will only sketch the block algorithm.

Finally, two more notes. First, the inner product (2.11) could have been defined as

(3, 0) := (B(AT)w)) T (8(A)01) = wH B (4)T(A)w,
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and the algorithms can be formulated equally well in either terms. We use the transpose
becauze it simplifies the formulas. Second, in the rest of the paper, we will use the notation
ni := nj, for the indices of the “well-defined” regular vectors. However, notice that there
is no guarantee that the indices n; generated by the look-ahead Lanczos algorithm in finite

precision arithmetic actually satisfy (2.18).



3. NOTATION

In this section, we introduce some further notation.
We will use the following indices:
e n=1,2,... are the indices of the Lanczos vectors v, and Wy
e [ =1,2,...is used as a counter for the blocks;

e n, 1 =1,2,..., n; :=1, are the indices of the computed regular vectors; note that n;
is also the index of the vector at the beginning of the /th block;

o hi:=nip1—-ny, Il = 1,2,..., is the size of the /th block;

o For given n, k = k(n) is the number of the block which contains the Lanczos vectors
vn and wy; note that n; is the index of the last computed regular vector with index
<n;

e v and pu are 0-based indices used to count inside a block;

® i, j, and m are general purpose indices.

For reasons of stability, we will compute scaled versions of the right and left Lanczos
vectors, rather than the “monic” vectors v, and w, (cf. (2.16)) corresponding to monic
FOPs. A proven choice (see [18], [19]) is to scale the Lanczos vectors to have unit length.
By ?» and W, we denote the scaled versions defined by

Un =$nln and wp =tuthn, Sp:=|va]l,tn 1= [jwall. (3.1)

The scale factors s, and t, in (3.1) can easily reach the overflow or underflow limits; hence,

instead of storing them directly, we store ﬁn-l-, ZLIT’ and f—:, and we never compute s,
1 Te

or t, directly. Furthermore, in order to save work, the vectors will not actually be scaled
at every step. Instead, we store vectors &, and w,, with scale factors on and &, such that

ﬁn = an'le’n and wn = fn"-bny On, fn > Oa (32)

and we actually carry out the scaling only when oy, or £, approach the overflow or underflow
limits. (The scale factors o, are not to be confused with the singular values o, and omay.)

We identify blocks by their number /. Capital letters with subscript ! denote matrices
whose columns are all the vectors from block I. For example,

V'] = [v,,, Unj+1 ... v,,,“_l ] and W[ = [li)n, lbn,.'.l e ‘lf)m+l_1 ]

are the matrices containing the “monic” right Lanczos vectors and the scaled left Lanczos

vectors corresponding to block I, respectively. By S; and T}, we denote the diagonal

matrices whose diagonal entries are the scaling factors, as defined in (3.1), corresponding

to block /. Note that ) :
Vi=ViS and W, =WT.
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Similarly, £; and Z; denote the diagonal scaling matrices containing the scalar factors from
(3.2) corresponding to block /, and then

Vz = f/,Z; and W[ = Wlslo

Capital letters with superscripts (*) indicate matrices which contain quantities from
all previous iterations up to step n. For example, in addition to (2.4), we denote by

V(") and W(® the matrices whose columns are the first n scaled right and left Lanczos

vectors, respectively; similarly, $(®) and T(™) are the diagonal matrices containing the
corresponding scaling factors from (3.1). In view of (2.5) and (2.20), we then have, for
n=12,...,

AV = g gn(gtmy-1 410 ... 0 2 Gnt1],

) ) (3.3)
ATW®™ = WD g)(p)=1 L g ... @ 2 P ],
and ) A
(W(n))TV(n) = (T(n))—lD(n)(s("))"l_ (3,4)
Here
fa; B2 0 -+ 0]
Y2 a2 . e ;
H™:=1 4 - - - (3.5)
: . . - Bk
L0 -+ 0 v ail
is a n x n block tridiagonal matrix with blocks of the form
B T T 0 -+ oo 0 17
; ) - 0
ar= 10 y M= : (3.6)
o o 1L P

The blocks §; are in general full matrices. Notice that H(™ is an upper Hessenberg matrix.
For I < k := k(n) the matrices a, A, and +; are of size hy x hy, hi—y X by, and Ay x hi—1,
respectively. The matrices ax, Bk, and 44 corresponding to the current, i.e. kth, block are

of size Ax x R, heey x ﬁk, and i x hi_1, respectively, where hr=n+1- ni. Notice
that in general the kth block is not a complete block; it is complete if, and only if, n + 1
is the index of the next computed regular vector. In (3.4), the matrix

-

D™ = diag(WTV,, WIVa,..., WIVk) (3.7)
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is block diagonal with nonsingular blocks WTvi, 1=1,2,...,k — 1. Its last block wWIvi,

and hence D(™ itself, is nonsingular if the kth block is complete.

Furthermore, the following notation will be used. We set
A = sMgmst)=1 and M, = (W) TWT.

Generally, a ~ (tilde), as e.g. in §,41, denotes intermediate quantities. A. m means the
mth column of A, while A4;. j,m means elements : through j of the mth column of 4.

We will assume that the vectors in a block are generated using a polynomial recursion
of the form

Ov+1(2) =(2 = ¢(,)0,(2) = n,0,_1(2), v=0,1,...,
©.1(2) =0, Op(z) =1, ne =0.

(3.8)

For instance, a practical choice for the polynomials in (3.8) are suitably scaled and trans-
lated Chebyshev polynomials, so that the inner vectors are generated by the Chebyshev
iteration [16]. Finally, ©,(A) will be denoted by just ©, whenever the meaning is clear
from the context.
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4. THE SEQUENTIAL ALGORITHM

The sequential version of the algorithm biorthogonalizes each inner vector in a block against
the vectors in the previous block as soon as the vector is constructed, and biorthogonalizes
the regular vectors against the previous two blocks.

Suppose we have already completed n steps of the algorithm. Hence, v, and wy are
the last generated Lanczos vectors and k = k(n) is the index of the last block. If v,4; and
Wn41 are constructed as inner vectors, then they are given by

Un41 = Avy, — Cn—ngvn — NMn—-n;Vn-1,

~ T
Wnt1 = A Wp — Cn—n,wn —NMn—-n,Wn~1,
Unt1 = 5n+1 - Vk—l(WE_I‘fk—l)—IW}'{_lﬁn-i-l
=3 -1
= Upt1 — Vici(WEL, Vi) ' W_ | Avy,
w =w - W, WT vV —-le ~
n+l = Wntl k=1 (WiZ Vi-1) k=1Un+1
= W - T
= Wng1 — Wk—l(le_l Vk—l) IWk-lA'Uny

or, in terms of scaled vectors, by

Sn+1 A Spn—1

Unt1 = ADp — Cn-—n,,'an - nn—ngi}n—l
n n
- - - 13 R
= Vet (WL Vi)W, Aby,
tnt1 . T . tn-1 .
Wnp41 = A Wy — Cn—ngwn = T NMa—-n, Wn-1
tn tn

8 T - pad ) - -~ A
- t—'iwk_,T,,_lsk_ll(W,T_lvk_l) "WI  Ab,.
n
If vn41 and wy41 are regular vectors, then they are given by
ﬁﬂ+1 = Avn,
‘lIJn.H = ATw,,,

Unt1 = Ont1 = Vk-l(WkT—1 Vk—l)—IWE—15n+1 - Vk(WEVk)—IWE'{"nH
= Bng1 — Vicd (W Vo) TP WL Avn = Vi(WT Vi) T WT Av,,,
Wnt1 = Wt = Wi (W, Vi) T Wi 9ng1 = Wa(WEVR) T W 604

= Bngy = Wiy (WL Vie1) T W Ave — Wi (WTV) T W Av,,

12



or, in terms of scaled vectors, by

Sn+1 . n
Unt+1 = Adp

n

= Viet (W, Vi) YW, Ab, (4.1a)

— VWI) T WT 45, (4.15)
iy = 4T,

- :—:Wk_ln_ls;_ll(w,?_lm_l)-IW,?‘_IAﬁ,, (4.20)

- ':—:Wkns;l(wg‘m)-lﬁf,? Aby. (4.2b)

Here we used the fact that at step n, the inner vectors v, and (when appropriate) v,-;
are already biorthogonal to the previous block Wi_;. Note that using the recursion to
compute Un4+;1 and W,4; in the case of the regular vectors is redundant, since the regular
vectors are then biorthogonalized against the vectors in block k, which includes the vectors
involved in the recursion.

If vny1 and wp4; are inner vectors, the size of the current incomplete block & is
increased by 1; if they are regular vectors, then the kth block is complete, and a new
block, the (k + 1)st is started with v,4; and Wn+1 as its first vectors. The decision on
whether to construct vn4; and wp4; as inner or as regular vectors is based on three different
criteria, see (4.10-4.12). If at least one is satisfied, then vp4; and Wp41 are constructed as
inner vectors, otherwise, they are constructed as regular vectors. Next, we motivate the
three criteria.

First, recall (cf. (3.7)) that vn4; and wp4 are regular vectors if, and only if, WIViis
nonsingular. Therefore, we check whether this matrix is singular or close to singular. The

singular value decomposition (SVD) of WkT Vi is computed, and an inner step is performed
if

amin(WEf/’k) < tol. (4.3)
Here tol is a suitably chosen tolerance. For example, Parlett [17] suggests tol = €!/4 or

tol = €!/3, where ¢ denotes the roundoff unit. In view of (4.3), it is guaranteed that
complete blocks of constructed Lanczos vectors satisfy

omin(WIV) > tol, 1=1,2,.... (4.4)
Note that, by [17, Theorem 10.1], (4.4) together with (3.4) and (3.7) imply

tol tol

(V) > — n(W™) > = =m-1,1=12,.... 4.5
O'mm(V )_\/E and a'mm(I’V )_\/ﬁa n=n;—1, ( )

13



Furthermore, for the vectors corresponding to each block, we have

", t l a
omin(V1) 2 = and  omn(Wi) >

vhi

tol

Vhi'

l=12,....

Remark that the columns of V(") and W () are unit vectors and that Omin(V) respectively

amin(ﬁ/') 1s a measure of the linear independence of these vectors. In particular, (4.5)
ensures that the Lanczos vectors remain linearly independent.

In the outlined algorithm, the block biorthogonality (3.4) and (3.7) is enforced only
between two or three successive blocks. Unfortunately, in finite precision arithmetic,
biorthogonality of blocks whose indices are far apart is typically lost. Consequently, in
practice, (4.5) is no longer guaranteed to hold and thus (4.4) alone does not ensure that
the computed Lanczos vectors are sufficiently linearly independent. Indeed, numerical tests
confirmed that, if the look-ahead strategy is based only on criterion (4.3), the algorithm
may produce within a block Lanczos vectors which are almost linearly dependent. When
this happens, the algorithm never completes the current block, i.e. it has generated an
“artificial” incurable breakdown.

The situation just described occurs if, roughly speaking, a regular vector v,.; is com-
puted whose component Av, € K,41(v;, A) is dominated by its component in the previous
Krylov space Ka(v1,4) (and similarly for wa4;). In order to avoid the construction of

such regular vectors, we check the /;-norm of the coefficients for Vj_; in (4.1a) and V4 in
(4.1b) and compute vp4; as a regular vector only if

ny—1
2 [ VEV) WAy < fae- Al )
and
S | W avw)s| < fac- (4] (4.7)

J=n,

Here fac is a suitably chosen factor. In analogy, by (4.22) and (4.2b), wy41 is constructed
as a regular vector only if

fng—1
Sn i, " N s R
= 2 (W V) W Aba);| < fac- 4] (48)
nj="k-1 ’
and
Sn oo il s s
= 2 OV WE b ] < fac Al (49)

j=ng

14



By combining (4.7) and (4.9), we arrive at the criterion (4.11) given below for performing
an inner step. Notice that (4.6) and (4.8) involve quantities from the previous block £ — 1.
Hence, if (4.6) or (4.8) were violated, one would need to go back and construct the previous
regular vectors vn, and wy, and the kth block differently. In order to avoid this, we check

for (4.6) and (4.8) while building block k — 1, which results in criterion (4.12) below for
performing an inner step.

To summarize, we next describe one step of the sequential algorithm.

DESCRIPTION OF ONE STEP OF THE SEQUENTIAL ALGORITHM:

Given fn, hn, On, &n, 5225, 22—, $2, k = k(n), W Vi), and H, g e

n—1"

Compute 0p41 = Aby, Wnty = ATy,

Compute
- . 1 . A
Untl = Unpy — — Vi Sk Hy  pymtns
o'n k-1
~ - 1 5,2 —_ -1 7
Wnt1 = Wn41 — —'t—Wk—lzk-lTk—lsk_lHk—lm.-1,n-
nn

Compute I 4.

Compute the SVD of (WTT4).
Set
inner = (ami,,(vif,;-"ffk)) < tol. (4.10)

If not inner, then

Call BUILDH1 to compute Hp,.n,n = (WIVi)"IWT Ad,,.

Set
inner = (ma.x{ Zn: ‘ﬁ'-,n }) > fac- ||A]. (4.11)

Sn o tj

_"Z_Jlg.

’ R n
ngs"

tn J=

If not inner, then ,
Build vp41 and wy,4; as regular vectors:

S 1 [ -~ 1 ¥ ry
—’;::— (Un+1vn+1) = 0o, (vn+1 - E;szan,.:n,n) ’

15



82 (bpraoss) = o (s — L BETLS ).

Call SCALE to scale the vectors.

Compute %1 18,4,

Call BUILDH2 to compute

I}-ng:n,n+l = (W,:FTA/;C)‘IWEAﬁnH.
Set

inner = (max{ lﬁj’"ﬂl’ ':::ll Zn: :—j’ﬁ",n.{.]’}) > fac- ||A]l. (4.12)
k : j=n

i=n

If inner, then

Build vp41 and wy,4; as inner vectors:

Snil o n o Sn_] an_l °
Sn (aﬂ+lvn+l) =0n (vn-H = Cn—n\Un — Sn Op In—ni¥n-1],

¢ . - 5, — in=18n— ;
L O R . S i N

»

Sn—1
Hn-l,n = Sn Mn—n,

-~
Hn,n = Cn—nk .

Call SCALE to scale the vectors.
Compute %7 Dpy ;.

Set k= k(n+ 1) = k(n).
Call UPDATE to update (WTV4).
Call BUILDH2 to compute I?n,,_lzm—l,nﬂ = (W,?"_,V,,_,)-IW,‘T_IA@,H.

else
Set an:n,n = Hm,:n,n and Hru,:n,n+l =ddn,:nn+l-

Set k =k(n+1)=k(n)+1.
Set (WIVi) = Ont1€ns10T, 1 Ony1.

~ S 1
Set Hn+l’n == _gnL-

16



5. IMPLEMENTATION DETAILS

In this section, we describe in detail the actual implementation of the routines BUILDH]1,
BUILDH2, SCALE, and UPDATE used in the sequential algorithm, as well as the
procedure for estimating fac (cf. 4.6-4.9). Note that in the actual codes, these routines
— except for SCALE — do not appear explicitly; rather, they are coded inline, and
appear only as logical blocks.

5.1. BUILDH1

BUILDH]1 takes as input (W‘_Tvk):,n—ng+l, (W,’;."ffk)“, and onénhIDn41, and returns
)2 (A

Consider a term of the form w;’"Avn, ng<js<n,n=n,—1 Let v=j—ny,
p =n — ni. We distinguish two cases:
(i) j=n.

We compute the wl Av, term directly, since we do not know all the terms in the
recurrence for either vector.

(i) ng <j<n-1.
Here,

widv, ;= (0,(AT)wn,)TA(O,(A)vs,)
=w] 0,40,v,,
= w,ﬁA@,,O,,v,,,,
=wl (0v41+(.0, +7,0,_1)0,vn,
= w1, 0,410,0n, + (uwT, 0,0,vn, + 1wT, 0,-10,v,,

= pT T
= Wit Va + (W) v, + n,wf_lvn,

all of which are terms which have already been computed as part of WIVi. Hence, we
have:

WAt = (WiT7)T Ab,

- ~ n ~ 1T
= Tk T [ wg; Avn e wZ_IAvn w'j;Avn ]

- - ~ T
=TT (win + Gw;j +mw;j—1) 0«0 wlAb,]

- . " . ~ T
=Ty T[ wJT_’_lvn +va?vn +nvw?—1vn wZAvn]

17



= T7-T - - - - - A 1T

= Tk [ ax (tj+1wf+l + CytijT + Tlutj-lw]T-1)vn Tt tanAvn ]

= |- t.+ ~T U + ~Tn + _.lt'-__l ~T v v ﬁ)TA“ T
'éJ_wJ_*_I n Cwa Un T]u tJ wJ—] n n vn

where j = ng, ..., nyy; — 2. With this, Hnyinn = (W Vi) 'WT Ad,. For the w7 A,
term, we use:

2T 45 = aT( A ? 3
wn‘4v" =w, (Avﬂ - ‘Vk—lth_l:nk—l,n)

= wZ(anﬁn-é-l)

= 0nénTp4,

because this formulation has better numerical properties.

18



5.2. BUILDH2

The logical block BUILDH2 takes as input gn41, £n,, zﬁ”‘T, 1715,, Un+1, and the last
ng—
column of (WL Vi—1)~!, and returns Eﬂ,_lznu—l.n-l-l'

Consider a term of the form w}"Av,,.,.l, gy SjSme—lLn—-1<n<n ., -2
Let v =j —n;_;, # = n — n;. We distinguish two cases:

(i) j=nr—1.

wJT'Avn-f-] = (@y(A.T‘)u)“k_l )TAvn+l

Here we used the fact that the polynomial for v,4; is orthogonal to the polynomials
in blocks n,_, and nj_,, which appear in the expression for the polynomial for w,, .

(i) np_; <j<np -2

wl Avngy = (G).,(AT)wnh-l)TAU"_H
= wz @uAvn+1
h=1
= w;{ AO, v
k=1
=wl (041460, +MmOumt)onts
=0.
Hence, we have:
Iﬂ{nk,l:nh—lyn'{*l = (W}.-T—l vk—l)-IWE_IAﬁn.*.l
= (WJT—I f/k—l )_l (Wk—l T;_ll )TAﬁ,H.l
= (WE Vi)' T

~ ”~ T
.[w:l Abpyy - w?;,,_zAvn-}-l wz.,—1AUn+1]
-1

19



=WL Vi)' T 0 - 0wl dnn]”

= (WL Vee)'TI[0 o0 0 (b ny)T0nsa ]”
~(WT 7. \- tny T 4 T
=W W) [0 o 0 £B0T b |

= (T ¥ - in eT o T
=W V) [0+ 0 g2onsibn, 0T, bn |

- t o o 4 7 -
= ont+1én, ﬁﬁwg‘kv"'*l(wg—lv"‘l):. lh—l :

20



5.3. SCALE

. ~ - o ° S 1
SCALE takes as Input oy, En’ Un+1y Wnt1, %:1 and returns Un+1; Wnatls Tn+tl, £n+lv _gnta

trtz-!'l’ and ‘;Zi: It computes the scale factors sp+1 and t,4; so that Op,4+; and wy4; both
n

are unit vectors. This gives:

n R . 1 )
(Ss:l) <0n+lvn+l) = (U'n I!vn+1|!> (mvn+1) ,
(tn+1> (5 ® ) = (5 |G ”) (;u-, 1)

tn n+1Wntl | = | Sn |[Wn41 T n+l | -

The algorithm is as follows:

s = |Bnt1],
t = ”wn+1” .

If either s - 0, or ¢ - ¢, is small, we have found an invariant subspace.

Ont1 = %,
§n+1 = %‘

If 0n41 is too small or too large, then
Unt1 = Ont10n41,
On+1 = L.

If £n41 is too small or too large, then

Wnty = €n+1ﬁ3n+1 ’

€n+1 = 1,
S + ~
g,,l = On [|5n+1]],

t -
=GBl

Sn41 __ Snt1 tp 8
1 in’

Tnt1 Sn ln4l
Unt1 = Unt1,

Wnt1 = Wn41.
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5.4. UPDATE

UPDATE takes as input 641, ng1, W1, 0ny1, and (WTTR). Tt appends a new row and
+ + n+1¥n+ k

column to the matrix (WIV;). First note that (WIV4) is symmetric, hence only its upper
triangular part has to be constructed. Let w; and vj be two vectors from the current block,
and v =1 — ng, 4 = j — ny be the corresponding block indices.

Then,

wfo; = (0,(4Tw, ) @, (4)0m,

= wzk@,,é),,vnh

= qu;,, 0,(40,_, - Cu—194u-1 = 7u—10,-2)vp,

=w] 0,40, 19n, = 0T, ((4-10,0u1 + 74-10,0 4_3)vn,

= w5, A0,0_10n, = w7, (Cu-1€,0,1 +7,-10,0,3)v,,

=wl (Ou41 +(.0, + Mv©u—1)Opu—1vn,
~ wa, (Cu-10,0u-1 + 710, 0,2)vn,

= wg‘h@.,.,.l@“-lv,,,‘ + C,,w?:k ©,0,_1vn, + r/ng;@y_le,,_lvm
- Cu-lw,ﬁ@y@p-lvm - r)“...lw?,;@.,@,;_zvm

= w1, (0041041 = 7u-10,0,4-2)vm, + (v = (ue1)w7, 0,01 vm,
+ Muw] 0,10 ,-1v,,.

= w101 = Njmn 10T V52 + (Gimmy = (jona-1)wT v
+ Nj—n, w;«r_lvj_l.

This shows that an element on the mth diagonal can be computed from elements on

the previous two diagonals and previous elements on the mth diagonal, leaving only the
main diagonal and the first superdiagonal to be computed by inner products. Hence, the

complete hx X hy matrix (WT'V};) corresponding to the complete kth block can be built
with only 2h; — 1 inner products.

To update (W7 V), we then have:

.T ~ - o [
Wot1Vnt+1l = a'n+1§n+lw3:+1vn+la

AT _.~T S ~ o Sp—1 On-i °
WpUnyl =W, (3‘;?_?0':1 (Un+1 - Cn—nkvn = TSn  O0n m—nyUn-1
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AT "
Wh41Vi

where ¢ = ny, .

y T

Tz Sn—10n~1

Cn—nh wn vn - "3_'" a.n
A _ _Sp Sn—1
Sn+1 Sn+1 Sn

ATG
NMn—n, Wy Un—l)

nT.
Mn—n, Wy Vn-1,

1
Sn+1ti (walv" — NMnenaW? Vp-q + ((imny — Cn_n,)w?vn)

—17. T
+ Sn41l§ (n"_""”‘lwi—lvﬂ)

1 AT =~ AT A
Sn+18; s“ti+lwi+1vn - nn—nhsu—ltiw?vn—l)

1 1 ’) -~ -~
Ty ((C““* = Gn=ni)sntid] O + nﬂ-ﬂh+13nt|’—1wiT-1‘Un)

Sn t i+1 u,.JT s
Sn+1 i i+1Yn

Sp
+ Sn+1 (Ci—nk - C"_

1

T ..
Sizn+1 wﬂ+lv'

sitn+1

z—.l_

T
w,- Un+1

AT~
Wi Un4,

Sn—1

ATs
Snt1 In—m Wi Un-1
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5.5 Estimating fac

Recall that the checks (4.6-4.9) are used to ensure that the Lanczos vectors are suffi-
ciently linearly independent to avoid artificial incurable breakdowns. However, numerical
experience with matrices whose norm is known indicates that setting fac =1 is too strict
and results in artificial incurable breakdowns. A better setting seems to be fac = 10, but
even this is dependent on the matrix. In addition to estimating fac, in practice one is
faced with the problem of estimating the matrix norm as well. This problem becomes even
more complicated when solving linear systems, because one usually replaces the original
system by a preconditioned one. Finally, in practice there is also the issue of a maximal
block size, which is a user-specified value related to limits on available storage. To solve
the problems of estimating norms and a suitable factor fac, as well as coping with lim-
ited storage and yet allowing the algorithm to proceed as far as possible, we propose the
following procedure.

Suppose we arbitrarily set l4]l = 1, where A denotes the matrix actually used in gen-
erating the Lanczos vectors, thus including the case when we are solving a preconditioned
linear system. Then we are left with estimating just fac, which is done dynamically. In
each block, whenever an inner vector is built due to (4.11) or (4.12), the algorithm keeps
track of the size of the terms that have caused (4.11) or (4.12) to be true. If the block
closes, then this information is discarded. If, however, the algorithm is about to run out
of storage, then fac is replaced with the smallest value which has caused an inner vector
to be built, and the block is rebuilt. This time, the updated value of fac is guaranteed
to pass at least once the checks in (4.11) and (4.12), and hence the block is guaranteed to
close. This frees up the storage that was used by the previous block, thus guaranteeing
that the algorithm can proceed (the procedure extends easily to the case when the current
block is the first one).

This procedure allows then the algorithm to run until a block is built entirely due to
(4.10). This situation represents an incurable breakdown, given the limits on storage, and
forces the algorithm to stop.



6. THE BLOCK ALGORITHM

The block version of the algorithm differs from the sequential algorithm in that it generates
the entire block before biorthogonalizing it against the previous block. This makes it more
efficient on a parallel machine. For INBLOCK, we then have

Un+41 = SnA'Un - ann—nkvn — 38n-1Mn—n,Vn-1,

T, — T, -~ ~
Wnt1 = tndA iy, — tn(n—n,,wn —tn-1Mn—n, Wn-1.

In addition, depending on the recursion used, one might want to monitor the norms of the
vectors and scale when needed, to ensure numerical stability. We now want to biorthogo-
nalize the new block against the previous vectors. Let j denote the index of vector v; in

the block, v; = ©,(A4) vy, , u = j — nx. We want

[wi -+ Waympo1 Wap—p cor Way—1) v =0,
We have
[Wi ** Wnyopo1 Wy -e- wn,.—1]ij
=[w1  Wapopol Wnemp o Way—1]T Ou(A)vn,
=[0u(AN) w1 -+ OuAT)Wnympm1 Ou(AT)Wnyop -+ Ou(AT)wny1 ] v,
=[0 - 0 % .. x|T,

where the last 4 entries, denoted by *, are generally non-zero. On one hand, the regular
polynomial for vs, is orthogonal to all polynomials of degree less than ny; on the other
hand, multiplying the polynomials for the previous vectors by @, raises their degree by
p, thus raising the degree of the last y polynomials to nx or more, thus introducing
the non-zero entries. Furthermore, in biorthogonalizing v; against wy, —,, one introduces
components along the other vectors in v,,—,’s block, as v,, -, is not biorthogonal to the
vectors in its own block. Hence, to biorthogonalize v; against the previous vectors, we
need to biorthogonalize it against all the vectors in the blocks containing v, —, to vs, 1.
Let n denote the number of the block containing vn,—u, 7 < ¥ — 1. Then we have for
NEXTXY

Vi = Vi = Vica M1 Vi = Viea M2 Vi — -+« = Vo M, T4, (6.1)
Wi =W, - Wk_lTk_ISk-_lle_l ‘71; - Wk—sz—2S;ngk-2vk
— e =W T, S M, Vi, (6.2)
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Vi = ViS;1,

Wi = Wka_l,
6n+l = snAan(—ann—ng i}n + Sn—lnn—nbi}n—l)i (63)
‘!IJ,.+1 = tnATuA’n(-tnCn—nk W, + tn—1Mn-n, lbﬂ-l)’ (64)

Vnt1 = Ung1 — Vica My_19p41 = ViMiBnqa,

— 3 -1 ~ 2 —~1ps =
Wnt1 = Watr = Wi 1 Ty 1 S, M1 Ong1 — Wi Ti S, MGy,

Dntl = Unt1/Sn+1,
Wnt1 = Wnag1/tnyr.

The terms in parentheses in (6.3) and (6.4) are not strictly necessary, since one then
biorthogonalizes against these vectors, but they could enhance the numerical stability. If
the size of the current block is at most the size of the previous block plus 1, then we have

nk+1—nk Snk-nk_l+1<¢nk_1sznk_nk+1+1¢>
ey Sng —(nk+1 - N — 1) Ny SNk — fmaz &
n =k-1a

which shows that under these conditions, the formulas (6.1) and (6.2) for Vi and Wy reduce
to just two terms. Here pma; is the largest value of p. Finally, we note that the products

of the form M; Vi that appear above have the structure

0 --- --- 0
oo N & ok
WiV Wi =Wivp— | T,
0 = *

since the regular vector is biorthogonal to all previous blocks.

Computing H(n:=1) jg trickier, since we modify the vectors used in the inner recursion.

Nevertheless, H("*~1) retains the block tridiagonal structure (8.5). We will show this by
- induction. Assume that (3.3) and (3.5) hold foralln=n;—1,1=1,2,...,k — 1. Thus

Af/l = f}'l—l'él + f/l&l + {/I+1'?1+11 l= 1727' . 7k - 1. (65)

26



We need to show that (6.5) also holds for ! = k. For f/k, we have

AVi = AV, S
=4 (f/k Ve Mo Vi = Viea Mg Vi = -+ — f/nM"f/k) sot
= (f/k&k +[0 -+ 0 Bppy ]) Sk—l —A‘)k—le—1‘7kS;1 o
- Af/an ffksk-l

= (WSt + Ve My Vi 4+ + VoM, ) S5

+[0 -+ 0 Dnpisatr + Vici Mic1Bngr + ViMibop1] S5

- (vk—ZBk-l + Vicég—r + f/k‘a)(k) Mk—lfkak_l

- (f/'k.-3ﬂ.k..2 + Vie2bix—z + f’k—l’?k-l) Mk-zvksi:l

- (I7k_43k-3 + Vi_ab—_3 + Vk-zﬁ’k-z) M _3ViS;!

- (1‘/,,_15,, + Vo + 17',,+1’rq+1) M,ViS;?

~Va-1 (oM, TiS7H) 4+ -+

+ Vi (&kMk_z — BraMy—y — &x—aMi—g — :Yk-sz'—a) VSt

+Vers (Meoa Vi 410 -+ 0 MicaBnpa ] — duma Misa Vi
- ?k-le-2Vk) St

+ 7 (i +[0 -+ 0 Mibnys] - nMisaT2) 57

+f/n+1(5n+1[0 o 0 e]S7Y),

where e, is the first column of the identity matrix. Suppose now we multiply the equation
on the left by W,_1. Then on the right hand side, only the V,—1 term survives, as all
the other blocks are biorthogonal to W,—; by construction. In addition, on the left hand
side, the term is also zero, again by biorthogonality. Hence, the coefficient of V;—; in the
above expression is zero. Similarly, by multiplying on the left by W,, W,H.l, ey Wia,

one shows that in fact all the coefficients up to Vi_p are zero. Hence, we are left with:
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AV = Vi, (Mk—lf}k&k'*'[o v 0 MiciBntr1] — @1 Mi Vi

- ‘?k—le—sz) St

+ Vi (Sedx+[0 - 0 Mbns1] = 36 Meos Vi) 570
+Vn+1(S’n+1[0 -+ 0 Cl]Sk—l)-

The coefficient matrices &, Bi, and Yk+1 are easily recognized. Note that the matrix &;

which appears on the diagonal of H is a comrade matrix (from the &; and 9,4, terms), but
in addition, the first row fills in (from the 4z term). This is different from the sequential
case, where the diagonal blocks are just comrade matrices.

Finally, we would like to stress that — even if long recurrences (of more than two
terms) occur in the updates (6.1) and (6.2) for Vi and W — the matrices AVi, Vi1, Vi,
and Vi, (and similarly for the W matrices) are still connected via a three-term recursion,
cf. (6.5). Both the sequential and the block algorithm generate upper Hessenberg matrices

H(™ with the same block tridiagonal structure. This is important if the block algorithm is
used for eigenvalue computations or in conjunction with the QMR approach (see Section 9)
for solving linear systems.
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7. CONCLUDING REMARKS

We have presented the details of an implementation of the look-ahead Lanczos algorithm
for non-Hermitian matrices. Our implementation can handle look-ahead steps of any length
and is not restricted to steps of length 2, as earlier implementations are. Also, the proposed
algorithm requires roughly the same number of inner products as the standard Lanczos
process without look-ahead. It was our intention to develop a robust algorithm which can
be used in a black box solver.

This paper is continued in Part II [6]. There, a robust black box solver for non-
Hermitian linear system, the QMR algorithm based on the look-ahead Lanczos algorithm,
is presented. Also, in [6], numerical experiments, both with the implementation of the
look-ahead Lanczos method proposed here and with the QMR algorithm, are reported.
Finally, for the case of real nonsymmetric matrices 4, the FORTRAN programs for these
algorithms are listed in Part II.

In the future, we plan to also provide FORTRAN codes for complex non-Hermitian
matrices. Often when complex matrices arise in practical applications, they are complex
symmetric. For this important special case, the look-ahead Lanczos algorithm can be
arranged such that left and right Lanczos vectors coincide, and thus work and storage is
halved. We also plan to provide FORTRAN codes for the resulting complex symmetric
variant of the look-ahead Lanczos algorithm.

In the present paper, we have only outlined a block version of the look-ahead Lanczos
algorithm which appears to be better suited for parallel computers. Details of an actual
implementation and experiments with it will be presented elsewhere.
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